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Gauged Supergravities

1 Relation between
• RR (p + 1)-form potentials in d = 10 II SUGRA
• D-branes in String Theory (Polchinski ’95)

2 Find new

{
SUGRA fields
string configurations

}
from

{
string configurations
SUGRA fields

}
3 Non trivial to find higher-rank fields in SUGRA

4 U-duality ⇒ new fields belonging to the same orbits as the known fields

5 Study of all the possible consistent SUSY transf. for p-forms in d = 10
(Bergshoeff et al. ’01, ’05, ’06; Greitz et al. ’11)

6 E11

• Bosonic field content of SUGRA for every dimension (Julia ’98; West ’11;

Riccioni et al. ’09)

• Covariant WZ-terms of all possible branes in all dimensions (U-duality)
(Bergshoeff, Riccioni ’10, ’11)
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Embedding tensor formalism

1 Study of the most general deformations of field theories (De Wit,

Samtleben, Trigiante ’03, ’04)

2 Requirement: tensor hierarchy. Introduce new higher-rank potentials
(Stückelberg gauge transformations) (De Wit, Samtleben, Trigiante ’05)

3 Additional constraints arising from gauge and SUSY invariance
4 Interesting cases

• d = 11 N = 1, No 1−forms
• d = 10 N = 2B, No 1−forms
• d = 10 N = 2A, The 1−form transforms under the only (abelian) global

symmetry
• d = 9 N = 2 ? 3 vectors ET formalism?

5 Maximal d = 9 supergravity
• Generalized dimensional reduction and rescaling symmetries (Bergshoeff et al.

’02)
• What about..?

• Any other deformation arising from dimensional reduction
• Possible combinations of known deformations
• Other deformations with no higher-dim origin
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Maximal d = 9 (Symmetries)

1 ONE undeformed maximal theory (Gates et al. ’86)

2 Global symmetry: SL(2,R)× (R+)2

• α: acts on the metric and leaves invariant the eom’s
• β: leaves invariant metric and action (trombone symmetry)

3 Field content{
eµ

a, ϕ, τ ≡ χ+ ie−φ,AI
(1),B

i
(2),C(3), ψµ, λ̃, λ

}
4 Complex scalar SL(2,R)/U(1) coset parameterized by an SL(2,R) matrix
M

M≡ eφ

 |τ |2 χ

χ 1

 , M−1 ≡ eφ

 1 −χ

−χ |τ |2

 .
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Maximal d = 9

1 Gauge trasformations

δΛA
I = −dΛI

δΛB
i = −dΛi + δi i

[
ΛiF 0 + Λ0F i + 1

2

(
A0 ∧ δΛA

i + Ai ∧ δΛA
0
)]

δΛ[C − 1
6εijA

0ij] = −dΛ− εij
(
F iΛj + ΛiH j − δΛA

iB j + 1
2δ

j
jA

0iδΛA
j
)

2 Field strengths

F I = dAI

H i = dB i + 1
2δ

i
i(A

0 ∧ F i + Ai ∧ F 0)

G = d [C − 1
6εijA

0ij]− εijF i ∧
(
B j + 1

2δ
j
jA

0j
)
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Equations of motion

1 eom’s of the scalars

d ? dϕ− 2√
7
e

4√
7
ϕ
F 0 ∧ ?F 0 − 3

2
√

7
e

3√
7
ϕ

(M−1)ijF
i ∧ ?F j

+ 1
2
√

7
e
− 1√

7
ϕ

(M−1)ijH
i ∧ ?H j − 1√

7
e

2√
7
ϕ
G ∧ ?G = 0

d

[
?

d τ̄

(=mτ)2

]
− i

dτ ∧ ?d τ̄
(=mτ)3

− ∂τ (M−1)ij
[
F i ∧ ?F j + H i ∧ ?H j

]
= 0

2 eom’s for the p−forms

d
(
e

4√
7
ϕ
? F 0

)
= −e−

1√
7
ϕM−1

ij F i ∧ ?H j + 1
2G ∧ G

d
(
e

3√
7
ϕM−1

ij ? F j
)

= −e
3√

7
ϕM−1

ij F 0 ∧ ?H j + εije
2√

7
ϕ
H j ∧ ?G

d
(
e
− 1√

7
ϕM−1

ij ? H j
)

= εije
2√

7
ϕ
F j ∧ ?G − εijH j ∧ G

d
(
e

2√
7
ϕ
? G
)

= F 0 ∧ G + 1
2εijH

i ∧ H j
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Magnetic duals

1 Explicit dual field strengths

G̃ = dC̃ + C ∧ F 0 − 1
24εijA

0ij ∧ F 0 − εij
(
H i − 1

2dB
i
)
∧ B j

H̃i = dB̃i − δijB j ∧ G + δi jC̃ ∧ F j + 1
2δi j

(
A0 ∧ F j + Aj ∧ F 0

)
∧ C + . . .

F̃0 = dÃ0 + 1
2C ∧ G − εijF i ∧

(
δjk B̃k − 2

3B
j ∧ C

)
+ . . .

F̃i = dÃi + δij
(
B j + 7

18δ
j
kA

0k
)
∧ G̃ − δijF 0B̃j − 1

9δij
(
8A0F j + AjF 0

)
C̃ + . . .

are in agreement with the following duality relations

G̃ = e
2√

7
ϕ
? G

H̃i = e
− 1√

7
ϕM−1

ij ? H j

F̃0 = e
4√

7
ϕ
? F 0

F̃i = e
3√

7
ϕM−1

ij ? F j

2 eom’s for

{
magnetic
electric

}
fields ≡ Bianchi’s for

{
electric
magnetic

}
fields
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Magnetic duals

1 What about the scalars?
• Global symmetry group acts on the manifold
• 1-form Noether current jA associated with each generator TA of the global

symmetry and satisfying
d ? jA = 0

• define (d − 2)−form potential ÃA
(d−2), such that

JA ≡ dÃA
(d−2) = GAB ? jB

• Expectation: 1 triplet associated to SL(2,R) and 2 singlets associated to R+
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Magnetic duals

1 (d − 1)−forms
• ET formalism ⇒ as many as deformation parameters we have
• lagrange multipliers enforcing their constancy∑

]

dm] ∧ Ã]
(d−1)

• Field strengths F̃ ]
d = 1

2
? ∂V

∂m]

2 d-forms
• ET formalism ⇒ as many as constraints in deformation parameters
• lagrange multipliers enforcing their validity∑

[

Q[Ã
[
(d)
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Bianchi identities

dF I = 0

dH i + F 0F i = 0

dG − F iHi = 0

dG̃ + F 0G + 1
2εijH

iH j = 0

dH̃i + Fi G̃ − HiG = 0

dF̃0 + F j H̃j − 1
2GG = 0

dF̃i + F 0H̃i − Hi G̃ = 0

dJA = 0
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Deforming the theory

1 Consistent deformation of the theory
• Definition of a suitable covariant derivative acting on any field (gauge

generators)

X
(r)
I = ϑI

AT
(r)
A

• Modified gauge transformations
• Field strengths are modified!! Addition of Stückelberg deformation

parameters, Z ’s
• Bianchi and Ricci identities will be modified!!

2 Deformation of SUSY transformation rules:
• Replace derivatives by covariant ones
• Replace field strenghts by the deformed ones
• Fermion shifts

3 Action and/or eom’s modified (fermion mass terms, scalar potential V ).
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The embedding tensor

1 Gauge generators for a given representation (r)

X
(r)
I = ϑI

AT
(r)
A

2 For a given field, we had (undeformed case)

δα = αAT
(r)
A ,

and we will ask the theory to be invariant under

δΛ = ΛIX
(r)
I = ΛIϑI

AT
(r)
A

3 Quadratic constraint (gauge invariance condition)

ϑI
ATA J

KϑK
C − ϑI AϑJB fABC = 0

XIJ
KϑK

C − ϑJAXIA
C = 0
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Covariant derivatives

1 Covariant derivatives

Dϕ = dϕ+ AIϑAI kA
ϕ , Dτ = dτ + AIϑAI kA

τ ,

2 Covariant derivative of a p-form:

Dη(p) = dη(p) + AI ∧ δI (η(p)) = dη(p) + AI ∧ XIη
(p) (1)

3 Basic property: Leibnitz rule (Jacobi identities not satisfied)

D(XY ) = DXY + εXDY
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Field strengths and gauge variations

1 Gauge variations

δΛA
I = −DΛI + Z I

iΛ
i

δΛB
i = −DΛi +

[
ΛiF 0 + Λ0F i + 1

2

(
A0δΛA

i + AiδΛA
0
)]

+ Z iΛ

δΛ[C − 1
6εijA

0ij ] = −DΛ− εij
(
F iΛj + ΛiH j − δΛA

i ∧ B j + 1
2A

0iδΛA
j
)

+ Z Λ̃

δΛC̃ = −DΛ̃ + (OLD) + Z i Λ̃i

2 Field strengths

F I = dAI + 1
2XJK

IAJ ∧ AK + Z I
iB

i

H i = DB i + (OLD) + (XA012) + Z iC

G = DC + (OLD) + Z i
j B

ij + ZC̃

G̃ = DC̃ + (OLD) + Z 0
j B

jC + (XAJB iB j) + Z i H̃i
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Tensor hierarchies

dF I = 0, 3

dH i + F 0F i = 0, 4

dG − F iHi = 0, 5

dG̃ + F 0G + 1
2εijH

iH j = 0, 6

dH̃i + Fi G̃ − HiG = 0, 7

dF̃0 + F j H̃j − 1
2GG = 0, 8

dF̃i + F 0H̃i − Hi G̃ = 0,

dJA = 0 9

10

11

DF I = Z I
i H

i ,

DH i + F 0F i = Z iG ,

DG − F iHi = ZG̃ ,

DG̃ + F 0G + 1
2H

iHi = Z iHi ,

DH̃i + Fi G̃ − HiG = Z I
i F̃

0
I ,

DF̃0 + F i H̃i − 1
2GG = ϑA0 JA,

DF̃i + F 0H̃i − Hi G̃ = ϑAi JA.

DJA + . . . = . . .F ]

DF ] + . . . = . . .G [

DG [ + . . . = . . .

19 of 29



escudo

Introduction Ungauged theory Gauged theory Results Conclusions

Deformed SUSY transformations

1 Replace derivatives and field strengths by covariant ones where

Dµε ≡
{
∇µ + i

2

[
1
2e
φD5

µχ+ AI
µϑI

mPm

]
+ 9

14γµ 6A
IϑI

4
}
ε

2 Add fermion shifts f , k, g , h, g̃ , h̃

δεψµ = Dµε+ f γµε+ kγµε
∗ + i

8·2!e
− 2√

7
ϕ
(

5
7γµγ

(2) − γ(2)γµ

)
F 0ε+ ...

δελ̃ = i 6Dϕε∗ + g̃ε+ h̃ε∗ − 1√
7
e
− 2√

7
ϕ 6F 0ε∗ + ...

δελ = −eφ 6Dτε∗ + gε+ hε∗ − i
2·2!e

3
2
√

7
ϕ+ 1

2φ(6F 1 − τ 6F 2)ε+ ...

3 keep the boson rules

4 We will impose algebra closure

[δε1 , δε2 ] = δgct + δΛ + (duality)

• Constraints on ET and fermion shifts (linear constraints!!)
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Constraints summary

1 Quadratic constraints
• Gauge invariance of the embedding tensor

ϑX + Xϑ = 0

• Gauge invariance of the Stückelberg shifts

XZ + XZ = 0

• Orthogonality constraints (tensor hierarchy)

ϑZ = 0

ZZ = 0

2 Linear constraints
• Leibnitz product condition (group representation consistency)

X + Z + Z = 0

• Closure of the algebra (SUSY)
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Reduction of parameters

1 From 24 free parameters.....
• 15 from the ET ϑI

A

• 9 from the Stückelberg shifts Zi
I , Z i , Z

2 We get 8 independent deformations and Z = Z (ϑ)

ϑ0
m = mm , (m = 1, 2, 3) ϑ1

4 = −m11 , ϑ1
5 = m̃4 ,

ϑ0
5 = − 16

3 mIIB , ϑ2
4 = mIIA , ϑ2

5 = m4 .

R+ ϑ0
1 ϑ0

2 − ϑ0
3 ϑ0

2 + ϑ0
3 ϑ1

4, ϑ1
5 ϑ1

4, ϑ2
5 ϑ0

5

α −3 −3 −3 0 0 −3
β −1/2 −5/4 1/4 3/4 0 −1/2
γ 0 2 −2 −1 1 0
δ 0 0 0 −2 −2 0

3 Total agreement with E11
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Quadratic constraints

1 Final set

ϑ0
m
(
12ϑi

4 + 5ϑi
5
)
≡ Qm

i = 0 ,

ϑi
4ϑ0

5 ≡ Q4
i = 0 ,

ϑi
5ϑ0

5 ≡ Q5
i = 0 ,

ϑj
4 (ϑm0 Tm)i

j ≡ Qi = 0 ,

εijϑi
4ϑj

5 ≡ Q = 0 ,

2 If we set ϑI
5 = 0 (trombone symmetry)

3 E11 predicts an additional doublet of 9-forms. Is this contradictory??

4 Apparently not ⇒ new Stückelberg shifts ∝ ϑ can eliminate one of these
doublets in the undeformed case (Huebscher et al. ’10)
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Results

1 Noether currents (Ã
(d−2)
A (d − 2)-forms)

• 3 of SL(2,R)
• 1 + 1 corresponding to (R+)2

2 Mass parameters (Ã
(d−1)
] (d − 1)-forms)

• 3 ϑ0
m

• 2 + 2 ϑi
4, ϑi

5

• 1 ϑ0
5

3 Quadratic constraints (Ã
(d)
[ d-forms)

• 6 Qi
m

• 2 + 2 + 2 Qi
4,Qi

5,Qi

• 1 Q
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Conclusions

1 Application of ET formalism to the study of the most general
deformations of maximal d = 9 SUGRA

2 Constraints on the deformation parameters imposed by gauge and SUSY
invariance

3 Independent set of deformation parameters (8 = 3 + 2 + 2 + 1)

4 Analysis of the gauged theory: field strengths, gauge and SUSY
transformations

5 Determination of the 7-, 8- and 9-forms, which are dual to jA, ϑI
A and

QC, respectively.

6 All the higher-rank fields have an interpretation in terms of gaugings and
symmetries.

7 Good agreement with E11 level decomposition
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Prospectives

1 d = 9
• Detailed expressions for higher rank forms
• Stückelberg shifts
• Scalar potential V and solutions

2 Gauged supergravities
• Study of general gaugings in other dimensions
• Classification and origin of gaugins
• Interplay between new gaugins and ST interpretation (double field theory,

generalized complex geometry, . . . )

3 ....
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Thanks!!
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