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o The problem we would lLkee to addyress Ls to compute
the SPCthLm o-f BPS states L Cala bi-—Yau
cOMPa ctifications

o n this talk we will focus on type LA on a Local

torie Cala bi-—YavL and consider bound states of DO-
DP2-D4-Dé branes

o We want to compute the degeneracy () (or
Donaldson-Thomas tnvariant) for a givew charge
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The vacuum Ls pammetnzeol bg the woduli space
of complexified Kihler parameters u € B

The degeneracy is really a

O
O

plecewise constant function 2(7;u)\e €

At walls of marginal stability the
degeneracy jumps according to a
wall-crossing formula

The meodull space Ls divided L
Denef-Moore

chambers Konkeevich-Sotbelnman
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At each po'w»t L the modulL space we have a Lattice
of (electric/magwetic) charges I'y =T'. , & 1y 0

Pick a basis {7} of the Lattice. A generic BPS state

will be of the form. v =) n;v;

For example D-branes (vector bundles) wmpplwg
hoLomorphio cycles or fractional branes.

’

The “wall-crossing problem”: Ls a lattice site
occupied by a stable state? what is €2(7;u) 2
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o In each chamber we have a different

couwtiwg probLem
°o=0

/ o Sowme reglons are easter thaw others:

at “Large radius” geometrical data
are “good” (oches, bundles...)

o ln the noncommutative crepant
resolution chamber (NCCR) we use
quivers and represewtatiow theory

Szendrol
Ooguri§Yamazaki
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o The DT chamber Lives in the “large radius”

o Cowstder bound states of a gas of P2-DO with a
single D& (just to make Life easier).

o If we sit on the D& brane these bound states will
look Like “generalized instantons”

o Thelr spectrum can be computed on any torie CY
using a generalization of Nekrasov’s tnstanton

aovw\,tiwg tech wiques

lgqbal okounkov Nekrasov vafa
M.C. Sinkovics Szabo
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o ln this case the problem reduces to DPO-De& states

SEG ; witten
o \We have constructed an explictt ADHM-LLRE

PArG metrization of the tnstanton modull space

o We end up with a quiver quantum mechanics
which compute the tndex of BPS states

[ Bi, B;] +€7*[Bl, 4] = 0

I =0




/\/ onCloMMaZ‘dZ‘/\/e Crepan‘ ,( S o/ wtirons

¥ MWMMW‘P« 45 <OV SIS R IR oA ISPt e T e

o This cha mber oorres1:ow0ls ’co a swx,gutar geometry
like C?/T" obtained by blowing dowwn a curve or a
divisor from the large radius phase

o The cHoLe has still a now trivial gquantum volume
measured by the B-field

our formalism can be adapted to this situation via
a generalization of the Kronheimer-Nakajima
construction of tnstantons on ALE spaces

The Rey tngredients are the Mekay quiver and the
3D McKay correspondence
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o The orbifold actiow Ls ewaoded i the natural

represewcatww C) = (D& 0, Pc) /7(\’\

o The McKay quiver Q has nodes {5 pl)

given by the Lrreductble pi P>

representations ano arrows \\f/

P3

determined logj the decomposition C/Zq
pk®Q—a,ill)pz Q: (1017/027/03)

o The quiver comes equippeol with a set of relations:
bl 1 p— p® pa, 5 h? = b ore b?)
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The 3D MeKay cowesPovwlevwe tells ws how to
extract geometrical data from the MeKay quiver

to-Nakai 1] Lma

The representation theory of the quiver is encoded
all the information about the (canontical, Large
radius) resolutiow of the singularity

But there’s more: the path algebra (i.e. the algebra
of paths on the quiver) is ttself a resolution of the

SLV\@ ulartt Y: the NCCR WZLDZ\Q?;@M

The resolution Ls “non geometric”, tn the same

sense as noncommutative geometry
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o The BPS spectrum tn tl/le NCCR chancber can. be
reformulated as a generalized instanton counting
problem

o We start from the resolved geometry and use the
McKay correspondence. Our construction uses a
“stability” parameter to go to the NCCR chamber

o We guve an explicit parametrization of the
instanton modull space. The problem boils doww to
the study of the representation theory of a certain
framed quiver: the tnstanton guiver




Instanton Jeivers
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o The ngrealuewts are two vector spaces. ez Z Vi ® pi
W = Z Wi ® py,
k

o The vector spaces W, Label bouwda\rg
conditions for the tnstanton. Each
Lnstanton at Lwﬁthg LS assocmted

with the represew’catww 69 p
Vo,

o The dimensions vi = d1ka count the /‘// \"\\
number of fmc’cbowaL branes tn a @

certaln representation. ‘/ 'b
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> Between the nodes there are maps obeg Lng certain
relations
,0®,0a,,; D PRPa I, :
R e
For a fixed configuration, the witten tndex of the

instanton qua ntum mechantes compu’cc the
spectrum of BPS states

Instanton configurations are Labelled
by coloured partitions where the
“color” degree of freedom Ls associated
with the LYYC‘PS = Z Vi ® p;.

=
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o As an example the C°/Z3 partition function is

ZDT(CB/ZS) r=ra: Z(_l)(_|ﬂll_‘ﬂ2|+‘70‘|ﬁl|‘|"|7T()H7T2|—|—’7T1H7T2|)

q%|7T|—%(7|7T0|—8|7T1|+|7T2|) 03 (Blmo|—4|m1 |+ |m2|)
o The tnstanton action s computed again via the

MceKay correspondence from the anomalous
couplings

o The generating function only depends on two
parameters as twn the large radius Limit.
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Having tn principle solved the BPS spectrum tn
one chamber (the NCCR) we can move Lin nearby
chambers with a wall-crossing formula

The wall-crossing formula ts written tn terms of
MceKay data

To each trrep we associate an operator X, with
commutation relatlons

Xy Xs = 2022005 XX, A Q®p =@ al? p,
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o To a charge vector 7 = Z gr¥r we associate

reirrep

5 el
X’Y == )\ Z’P<S 9r s (a’r‘s a’rs) | | Xgr
r V4 V 4
o We construet the quantum mowodromw LvVarLant

s H N ()\25,) X ); )\) Q5% (p)
0
o The ordering Ls determined by the central charges
(fixed by the Mckay correspondence). As this
changes crossing walls of marginal stability, the
degeneracies change to keep M(\) tnvariant

Cecotti-Nettzke-vafa
Kontsevich-Sotbelman
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o WE CAW USE DUY -forwua Lstu to stud Y motivie DT

o Roughly speaking the motivic tnvariant
represents the BPS Hilbert space ttself

They can be computed VLA our Lnstanton qu.i\/ers

Gil

NDT, (k)] = L} xeter i (©)

with the motivic wall-crossing formula one can
study dirvectly the Hilbert space across the moduli
space and the algebra of BPS states




Conc/usions
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We have developed a formalism to study the
spectrum of BPS states ow torie CY

Our formalism is very efficient tn certain
chambers (such as at large radius or the NCCR)

it can be generalized to study wall-crossing,
motivic Lnwvaritants, cluster algebra structures,

noncommutative mirror symmetry and defects
(whieh | haven't mentioned)

Yyet, still a small piece of the puzzle...




