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Non-extremal black holes
as interpolating solutions

in 4-dimensional N=2 Supergravity

Proposal (for static spherically symmetric geometries) based on the
study of several examples:

One can obtain non-extremal solutions by deforming susy extremal
ones. Then by taking the extremal limit both supersymmetric and
non-supersymmetric extremal BHs can be smoothly recovered.

For each case first order flow equations exist and for some of them
the generalized superpotential can be explicitly written.

The macroscopic thermodynamical properties can be fully analyzed.
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Black hole basics



Charged black holes
They appear in Einstein-Maxwell theories where gravity is coupled

to e.m. fields:
L = R − 1

4F
µνFµν

Charges: p ∝
∫

S2
F q ∝

∫
S2
?F

For static spherically symmetric asymptotically flat solutions the

ansatz is:

ds2 = e2Udt2 − e−2Uγmndxmdxn

γmndxmdxn =
c4

sinh4 cτ
dτ2 +

c2

sinh2 cτ
dΩ2

(2)
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Charged black holes
ds2 = e2U(τ)dt2 − e−2U(τ)(c4 sinh−4(cτ)dτ2 + c2 sinh−2(cτ)dΩ2)

c is extremality parameter and it holds [GIBBONS,KALLOSH,KOL]: c2 = 2ST .

The relation τ ↔ r is: sinh−2(cτ) = (r − r−)(r − r+)

r± = rh ± c
I General (non-extremal) Reisnerr-Nordström solution:

c =
√

M2 − (q2 + p2) , e2U =
(r − r−)(r − r+)

r2
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Charged black holes
ds2 = e2U(τ)dt2 − e−2U(τ)(c4 sinh−4(cτ)dτ2 + c2 sinh−2(cτ)dΩ2)

c is extremality parameter and it holds [GIBBONS,KALLOSH,KOL]: c2 = 2ST .
The relation τ ↔ r is: sinh−2(cτ) = (r − r−)(r − r+)

r± = rh ± c
I General (non-extremal) Reisnerr-Nordström solution:

c =
√

M2 − (q2 + p2) , e2U =
(r − r−)(r − r+)

r2

I Static extremal BHs: c = 0, eU = 1−
√

q2 + p2

r , τ ∼ −1
r

• M2 = q2 + p2

• Finite non-vanishing entropy but zero temperature
• S2 ⊗ AdS2 near horizon geometry

An extremal static BH is utterly defined by Q = (q,p)
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Black holes in N=2, D=4
ungauged supergravity



N=2 Supergravity in 4D

I Multiplet content of the full theory:

Supergravity multiplet: (e i
µ, ψ

A
µ , A0

µ) A = 1, 2

nv Vector multiplets: (Aa
µ, λ

a A, za) a = 1, .., nV

nH Hypermultiplets: (χα, φu) α = 1, .., 2nH , u = 1, .., 4nH

Since irrelevant in our discussion, we put to zero the fermion

fields and omit the hypermultiplets

I The Lagrangian we deal with is (ungauged theory):

L = −R(G)+2gab̄(z)∂µza∂µz̄ b̄+ ImNIJ (z)F I
µνFJµν+ ReNIJ (z)εµνρσF I

µνFJ
ρσ

⇒ Structure of a Maxwell-Einstein-scalars theory
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N=2 Supergravity in 4D I = (0, a)
a = 1, . . . , nV

L = −R(G)+2gab̄(z)∂µza∂µz̄ b̄+ ImNIJ (z)F I
µνFJµν+ ReNIJ (z)εµνρσF I

µνFJ
ρσ

I Geometry of the scalar manifold: (very) special

F = F (X I) za =
X a

X 0

gab̄ =
∂

∂za
∂

∂z̄ b̄
K

K = − ln
[

i(X I , ∂X I F )

(
0 −1
1 0

)(
X I

∂X I F

)]

NI J = ∂X I∂X JF + 2i Im(∂X I∂XK F ) Im(∂X J∂XM F )XMXK

Im(∂XM∂XK F )XMXK
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N=2 Supergravity in 4D I = (0, a)
a = 1, . . . , nV

L = −R(G)+2gab̄(z)∂µza∂µz̄ b̄+ ImNIJ (z)F I
µνFJµν+ ReNIJ (z)εµνρσF I

µνFJ
ρσ

I By assuming spherical symmetry and staticity, solving for the

vectors and integrating ⇒ effective 1D Lagrangian:
[FERRARA,GIBBONS,KALLOSH]

Leff = (U̇(τ))2 + gab̄ ża(τ) ˙̄z b̄(τ)− e2UVbh(z , Γ) + c2

˙ =
d

dτ Γ = (pI qI ) ∝
∫

S2
F I ⊕ ∂L

∂F I

−Vbh = − 1
2 ΓΛΓΣMΛΣ = 1

2 (pI qI )

(
(I + RI−1R)IJ −(RI−1)I

J

−(I−1R)I
J (I−1)IJ

)(
pI

qI

)
= |Z|2 + 4gab̄∂za |Z|∂z̄ b̄ |Z| RIJ = ReNIJ , IIJ = ImNIJ

central charge: Z = eK/2(pI∂X I F − qIX I)
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N=2 Supergravity in 4D I = (0, a)
a = 1, . . . , nV

L = −R(G)+2gab̄(z)∂µza∂µz̄ b̄+ ImNIJ (z)F I
µνFJµν+ ReNIJ (z)εµνρσF I

µνFJ
ρσ

I By assuming spherical symmetry and staticity, solving for the

vectors and integrating ⇒ effective 1D Lagrangian:
[FERRARA,GIBBONS,KALLOSH]

Leff = (U̇(τ))2 + gab̄ ża(τ) ˙̄z b̄(τ)− e2UVbh(z , Γ) + c2

Field equations (second order):

eqm
{

Ü + e2UVbh = 0
z̈a + gab̄∂zc gdb̄ żc żd + e2Ugab̄∂z̄ b̄ Vbh = 0

constraint
{

Ü2 + gab̄ ża ˙̄z b̄ + e2UVbh = c2
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Important to know
I First-order formalism:[CERESOLE,DALL’AGATA & PERZ ET AL.]

−e2UVbh = (∂UY )2 + 4gab̄∂za Y ∂z̄ b̄ Y − c2

Generalized Superpotential Y = Y (U, z ; Γ) > 0

⇒ Leff = U̇2 + gab̄ ża ˙̄z b̄ − e2UVbh + c2

9



Important to know
I First-order formalism:[CERESOLE,DALL’AGATA & PERZ ET AL.]

−e2UVbh = (∂UY )2 + 4gab̄∂za Y ∂z̄ b̄ Y − c2

Generalized Superpotential Y = Y (U, z ; Γ) > 0
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⇒ Leff = U̇2 + gab̄ ża ˙̄z b̄ + (∂UY )2 + 4gab̄∂za Y ∂z̄ b̄ Y '

Sum of squares
(
U̇ ± ∂UY

)2 +
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Important to know
I The eqm are in general difficult to solve but for supersymmetric

BHs (⇒ extremal [KHURI,ORT́IN]) they are equivalent to:

2∂τ Im
[
e−U−iα e−K/2

(
X I

∂X I F

)]
= −

(
pI

qI

)
l.h.s. total derivative, r.h.s. constant ⇒ direct integration gives

Supersymmetric
stabilization equation

[BEHRNDT,LÜST,SABRA & DENEF]
2 Im(e−Ue−iαΩ) = H

H = −Γτ + 2 Im[eiαΩ]τ=0

vect of harmonic functions

Once one has solved for the
components of Ω′ = e−U−iαΩ

the scalars are given by: za =
Ω′ a

Ω′ 0
, e−2U = i(Ω′ IΩ̄′I − Ω̄′ IΩ′I)
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Non-extremal black holes from
deforming extremal ones



Non-extremal black holes

General prescription:

1. Consider the supersymmetric solution:

U(τ) = Ue[H I(τ)] za(τ) = z [H I(τ)]

H I(τ) = hI − ΓIτ ≡ harmonic functions

2. Make the ansatz:

U(τ) = Ue[Ĥ I(τ)] + cτ za(τ) = z [Ĥ I(τ)]

Ĥ I(τ) = AI + BIe2cτ

3. Determine the coefficients AI , BI by plugging the ansatz in

the eqm and solving the resulting algebraic equations
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Example: CPn model
Prepotential F = − i

4ηIJX IX J ηIJ = diag(+− · · ·−)

n scalars za =
X a

X 0 , with the assumption z0 = 1, defining:

Z I = (1, za) , ZI = (1, za) = (1,−za)

n + 1 electric (qI) and magnetic (pI) charges combined in the

complex quantity γI = qI + i
2ηIJpJ

K = − log (z̄JzJ) , gab̄ = −eK
(
ηab̄ − eK z̄azb̄

)
Holomorphic symplectic section: Ω = eK/2

(
Z I

− i
2 ZI

)
BH potential: −Vbh = 2eK|Z IγI |2 − γ̄IγI = |Z|2 + |Z̃|2

Z = eK/2Z IγI , |Z̃|2 = eK|Z IγI |2 − γ̄IγI
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1. Consider the supersymmetric solution

Solving the stabilization equation 2 Im(e−iαe−UΩ) = H yields:

za =
H̄a

H̄0 e−2Ue = 4H̄IHI

HI = hI − γI τ γI = qI + i
2ηIJpJ

2. Make the ansatz

za[H] → za[Ĥ] =
¯̂Ha

¯̂H0

e−2Ue [H] → e−2U [Ĥ] = 4 ¯̂HIĤI e−2cτ
ĤI = AI + BIe2cτ
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3. Determine the coefficients AI , BI by plugging the ansatz in the
eqm and solving the resulting algebraic equations

Original field equations:

Ü + e2UVbh =0

z̈a + gab̄∂zc gdb̄ żc żd + e2Ugab̄∂z̄ b̄ Vbh =0

Ü2 + gab̄ ża ˙̄z b̄ + e2UVbh =c2

For the non-extremal ansatz (generic case):

Üe − (U̇e)2 − gab̄ ża ˙̄z b̄ =0

(2c)2
[
ecτ Üe + U̇e

]
+ e2UeVbh =0

(2c)2
[
ecτ

(
z̈a + gab̄∂cgdb̄ żc żd

)
+ ża

]
+ e2Uegab̄∂b̄Vbh =0
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3. Determine the coefficients AI , BI by plugging the ansatz in the
eqm and solving the resulting algebraic equations

And finally for our case (CPn):

Im(B̄IAI) =0
ĀIAJξIJ =0

(ĀIBJ + B̄IAJ)ξIJ =0
B̄IBJξIJ =0

(2c)2(B̄aĀ0 − B̄0Āa)ĀIAI + (γ̄aĀ0 − γ̄0Āa)ĀIγI =0
−(2c)2(B̄aĀ0 − B̄0Āa)B̄IBI + (γ̄aB̄0 − γ̄0B̄a)B̄IγI =0

(γ̄aĀ0 − γ̄0Āa)ĀIγI + (γ̄aB̄0 − γ̄0B̄a)B̄IγI =0

where ξIJ = 2
(
γI γ̄J + 8c2AI B̄J

)
− ηIJ

(
γK γ̄K + 8c2AK B̄K

)
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3. Determine the coefficients AI , BI by plugging the ansatz in the
eqm and solving the resulting algebraic equations

In addition, to fully express the coefficients in terms of the physical
parameters, one imposes ( ((((((NUT-charge already implied by eqm):

• asymptotic flatness: 4(ĀI + B̄I)(AI + BI) = 1
• definition of the mass: 4 Re[B̄I(AI + BI)] = 1−M/c

• definition of the asymptotic scalars: ĀI + B̄I

Ā0 + B̄0 = Z I
∞

⇒ Final solution:

AI = ±eK∞/2

2

{
Z̄I∞

[
1 +

(M2 − eK∞ |Z̄ J
∞γ̄J |2)

M c

]
+
γI Z̄ J
∞γ̄J

M c

}
BI = ±eK∞/2

2

{
Z̄I∞

[
1− (M2 − eK∞ |Z̄ J

∞γ̄J |2)

M c

]
− γI Z̄ J

∞γ̄J
M c

}
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Non-extremal BHs in the CPn model
Solutions:

|Z∞|2 = eK|Z I
∞γI |2

|Z̃∞|2 = eK|Z I
∞γI |2 − γ̄IγI

za =
¯̂Ha

¯̂H0
=

Āa + B̄a e2cτ

Ā0 + B̄0 e2cτ

e−2U = 4 ¯̂HIĤIe−2cτ = 4(ĀI + B̄I e2cτ )(AI + BI e2cτ ) e−2cτ

with:

AI = ± eK∞/2

2

{
Z̄I∞

[
1 +

(M2 − eK∞ |Z̄ J
∞γ̄J |2)

M c

]
+
γI Z̄ J
∞γ̄J

M c

}
BI = ± eK∞/2

2

{
Z̄I∞

[
1− (M2 − eK∞ |Z̄ J

∞γ̄J |2)

M c

]
− γI Z̄ J

∞γ̄J
M c

}

Entropies: S±
π

= (M2 − |Z∞|2)± (M2 − |Z̃∞|2)± 2Mc
+ ≡ outer horizon, τ → −∞
− ≡ inner horizon, τ → +∞

Mass: M2c2 = (M2 − |Z∞|2)(M2 − |Z̃∞|2)
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Extremal limits
From the expression of the mass

M2c2 = (M2 − |Z∞|2)(M2 − |Z̃∞|2)

possible to see two extremal limits in which c → 0:

1. Supersymmetric: M2 → |Z∞|2 = eK∞ |Z I
∞γI |2

ĤI
M→|Z∞|−→ ± Z̄∞

|Z∞|
Hsusy

I = ± Z̄∞
|Z∞|

(hI − γIτ)

2. Non-supersymmetric: M2 → |Z̃∞|2 = eK∞ |Z I
∞γI |2 − γ̄IγI

ĤI
M→|Z̃∞|−→ ±eK∞/2

2

{
Z̄I∞ −

1
|Z̃∞|

[
−Z̄I∞γ̄

JγJ + γI Z̄ J
∞γ̄J

]
τ

}
The non-extremal BH will evaporate until its mass equals the biggest

between |Z∞| and |Z̃∞| ⇒ depending on the charges the final

extremal BH will be susy (|Z∞| > |Z̃∞|) or non-susy (|Z̃∞| > |Z∞|).
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CPn flow equations
I First-order formalism:

−e2UVbh = (∂UY )2 + 4gab̄∂za Y ∂z̄ b̄ Y − c2

Generalized Superpotential Y = Y (U, z ; Γ) > 0

⇒ Leff = U̇2 + gab̄ ża ˙̄z b̄ + (∂UY )2 + 4gab̄∂za Y ∂z̄ b̄ Y '

Sum of squares
(
U̇ ± ∂UY

)2 +
∣∣∣ ża ± 2gab̄∂z̄ b̄ Y

∣∣∣2

⇒ Extremizing:


U̇ = ±Y

ża = ±2gab̄∂z̄ b̄ Y

First-order flow equations
sign depends on conventions

• Y = eU |Z|(z; Γ) , c = 0:
extremal susy BHs

• Y =eUW(z; Γ) 6=eU |Z| , c =0:
extremal non-susy BHs

• Y 6= eU |Z| 6= eUW , c 6= 0:
non-extremal BHs
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CPn flow equations
I First-order formalism:

−e2UVbh = Υ2 + 4 gab̄ΨaΨ̄b̄ − c2

where:

Υ =
eU
√

2

√
|Z|2 + |Z̃|2 + e−2Uc2 +

√(
|Z|2 + |Z̃|2 + e−2Uc2

)2 − 4|Z|2|Z̃|2

Ψa = e2U Z̄ DaZ
Υ

such that: ∂UΨa − ∂za Υ = ∂za Ψb − ∂zb Ψa = ∂z̄ ā Ψb − ∂bΨ̄ā = 0

⇒ There exists a superpotential, whose gradient generates the vector
field (Υ,Ψa, Ψ̄b̄) and the first-order equations:

U̇ = Υ

ża = 2 gab̄Ψ̄b̄

extremal limit:
{

susy: Υ = eU |Z| , Ψa = eU∂za |Z|
non-susy: Υ = eU |Z̃| , Ψa = eU∂za |Z̃|
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Non-extremal black holes
The following models have been studied:

X Axion-dilaton model: F = −iX 0X 1

X CPn models: F = − i
4ηIJX IX J

X Axion free stu model: F = −X 1X 2X 3

X 0

X t3 model: F = −5
6

(X 1)3

X 0

X Quantum corrected t3 model (work in progress):

F = −5
6

(X 1)3

X 0 − 11
4 (X 1)2 +

25
12X 0X 1 − ik2 (X 0)2

The deformation procedure has been proved to work also in N = 2,

D = 5 supergravity [MEESSEN,ORT́IN].
22



Conclusions and outlook



Conclusions
Now we should be convinced that (for all the model considered):

I There exists a procedure that allows to find non-extremal

black holes by deforming (through an ansatz) susy solutions.

I Non-extremal BHs interpolate smoothly between

supersymmetric and the non-supersymmetric extremal BHs.

I The macroscopic thermodynamical properties of non-extremal

BH solutions can be fully analyzed.

I It is possible to write first order flow equations for the scalars

and prove the existence of the generalized superpotential.
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BUT...

25



ARE WE SURE

THAT THE ANSATZ

(THE DEFORMATION PROCEDURE)

IS GENERAL ENOUGH?

26



Outlook

We know that :

I The extremal limits of Ĥ I = AI + BIe2cτ are harmonic

functions.

I The functional form of the solution is not changed by the

deformation procedure or the extremal limits.

Good for solutions without NUT charge (static ↔ our assumption)

⇒ for more general solutions a different approach is needed
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Outlook

In this direction:

I Rewrite the effective action in terms of real H-functions (no

assumption on their form) and calculate the equivalents of the

field eqm [MEESSEN,ORT́IN,PERZ,SHAHBAZI].

I Reformulate the Kähler geometry in terms of real variables,

dimensional reduce the theory, find and solve the eqm and

then uplift the solutions [MOHAUPT,VAUGHAN].
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