Quantization of generalized spinning particles: New
derivation of Dirac’s equation

Martin Rivas
Departamento de Fisica Tedrica, Universidad del Pais Vasco-Euskal Herriko
Unibertsitatea, Apdo. 644, 48080 Bilbao, Spain

(Received 27 April 1993; accepted for publication 8 March 1994)

Quantization of generalized Lagrangian systems suggests that wave functions for
elementary particles must be defined on the kinematical space rather than on con-
figuration space. For spinning particles the center of mass and center of charge are
different points. Their separation is of the order of the Compton wavelength. Spin-
1/2 particles arise if the classical model rotates but no half integer spins are ob-
tained for systems with spin of orbital nature. Dirac’s equation is obtained when
quantizing the classical relativistic spinning particles whose center of charge is
circling around its center of mass at the speed c. Internal orientation of the electron
completely characterizes its Dirac’s algebra.

I. INTRODUCTION

In previous works'? we have found a Lagrangian formulation of classical spinning particles
where the spin is produced by the Zitterbewegung and rotational motion of the particle around its
center of mass. The novelty with respect to other approaches is the definition of a classical
particle. The usual canonical formulation defines a classical particle as a system whose phase
space is a homogeneous space of the Poincaré group. In our approach it is the kinematical space
of the system that is required to be a homogeneous space of the kinematical group of space—time
transformations. The kinematical space of a system is the manifold spanned by the initial (or final)
boundary variables of the corresponding variational problem in terms of a Lagrangian function.
This definition of a classical particle implies that a general Lagrangian must depend on the
acceleration of the particle and thus necessarily we must work within a generalized Lagrangian
formalism. Section II is devoted to a concise summary of the mentioned references to show the
spin structure for both relativistic and nonrelativistic particles. One of the salient features for a
spinning particle is the existence of two position vectors. One defines the center of mass and the
other is interpreted as the center of charge position.

Feynman’s quantization of the above generalized Lagrangian systems implies that wave func-
tions must be squared-integrable functions defined on the kinematical space. This is shown in Sec.
III. Thus a general wave function will be a function of ten variables: time ¢, position r, velocity u,
and orientation a.

Some authors®™ have claimed to consider the dependence of the wave function on time and
position as well as on orientation variables. To our knowledge is in the work of Bopp and Hagg®
where for the first time the wave function is allowed to depend on additional angular variables, in
particular Euler’s angles and they succeeded in obtaining spin-1/2 wave functions. Finkelstein®*
classified the internal structures of a rigid body according to its invariance under the Lorentz group
and where internal variables bear the generic name of “orientation.” Bacry and Kihlberg® made
use of an alternative parameterization to discuss some properties of a certain class of homoge-
neous spaces of the Poincaré group to describe spinning particle wave functions. In the relativistic
case, Dahl® obtained Dirac’s equation by assuming dependence of the wave function on the
orientation.

Sections IV and V analyze different quantized examples for nonrelativistic and relativistic
particles, respectively. In Sec. V when quantizing the relativistic system of a particle circling
around its center of mass with velocity ¢ we obtain Dirac’s equation. The Dirac algebra of internal

0022-2488/94/35(7)/3380/20/$6.00
3380 J. Math. Phys. 35 (7), July 1994 © 1994 American Institute of Physics
Downloaded 12 Sep 2002 to 158.227.5.108. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



Martin Rivas: New derivation of Dirac’s equation 3381

observables is completely determined by the spin components on the spatial and body axes and by
the orientation of the particle such that any other internal observable like velocity and acceleration
can be expressed in terms of them. The way we relate these kinematical variables to the essential
internal observables leads to different representations of Dirac’s equation.

Il. GENERALIZED LAGRANGIAN SYSTEMS

Let us consider a classical system for which its Lagrangian is a function of time and of the
generalized coordinates and their time derivatives up to order %, ie., L(t,q,-,...,qﬁ")), where
q'=d*q,/di*. We can alternatively write the Lagrangian in such a way that it becomes a real
function L(x’ ,x") defined on a manifold X and its tangent space. The manifold X, called the
kinematical space of the system, is the manifold spanned by the time 1, the generalized coordinates
q;, and their derivatives ¢{” up to order k— 1, such that the Lagrangian written in this way is a
first order homogeneous function of the derivatives of the kinematical variables.

Then it has the general expression

L(x,%)=F{x,%)x, 1)

where the F;(x,x)=dL/dx’, are homogeneous functions of zero degree of the derivatives x’, and
the dot means differentiation with respect to some invariant evolution parameter 7. Because of this
homogeneity condition, the Lagrangian formalism in terms of the kinematical variables is param-
eter independent. To obtain from Eq. (1) dynamical equations, the corresponding constraints
among the kinematical variables have to be considered.

The relativity principle states that dynamical equations must be independent of the inertial
observer and this implies that Lagrangians must transform as’

da(g;x)

da(g;x) _
- Ixt

= %, @

L(gx,gx)=L(x,x)+ Fi(x,%)% +
where g is an element of the kinematical group G. Group G defines the class of equivalent inertial
observers, and a(g;x) is a gauge function’ defined on the manifold G X X.

Gauge functions satisfy the identity

a(g';gx)+algx)—alg'gx)=£g',g), (3)

where £(g’,g) is an exponent of the group G,% and g and g’ two arbitrary group elements.
The mechanical action of the system from x to x, is defined as the integral of the Lagrangian
along the classical path x( 7). It becomes a function A of the end points of the trajectory in X space

A(x2s-xl)=f:2 L(i(T)’i(T))dT (4)

such that it transforms among inertial observers according to

A(gxy,8x1)=A(x2,x) + a(g;xy)— a(g;xy), (5)

with gx(7) being the path followed by the particle as measured by observer O'.

End points x; and x,, are precisely the end points that are held fixed in the corresponding
variational problem. They are independent as initial and final conditions although there should
exist differential constraints among the kinematical variables when considered as generalized
coordinates.

In Refs. 1 and 2 a classical elementary particle is defined as a classical system for which the
kinematical space X is a homogeneous space of the kinematical group G. This corresponds to
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relating the possible inertial free motions with the one-parameter subgroups of G. Since a particle
is left at x, and reaches x, freely, there exists a finite group element g € G such that x,=gx; and
thus X is a homogeneous space of G.

All the kinematical groups considered, in particular the Galilei and Poincaré groups, are ten
parameter groups. They are parameterized in an equivalent way in terms of the following param-
eters (b,a,v,a), where b and a with dimensions of time and length, represent the time and space
translation, respectively, v is the relative velocity among observers, and the dimensionless mag-
nitude e represents their relative orientation, expressed in terms of a suitable parameterization of
the rotation group. It turns out that the kinematical space of a particle with the highest structure is
a ten-dimensional manifold whose variables share the same dimensionality as the above group
parameterization. This manifold represents a spinning particle whose kinematical variables are
identified with time ¢, position r, velocity u=dr/dt, and orientation a. Since the Lagrangian also
depends on their derivatives, it shows dependence on the angular velocity  as well as on the
particle acceleration dw/dt=dr?/dt* and this dependence on the second order derivatives of the
position vector r is why we must necessarily work within a generalized Lagrangian formalism.
Among the kinematical variables we find that u and e are translationally invariant and thus
characterize the internal structure of the system. We shall call them internal variables, to distin-
guish from 7 and r, which describe the space—time evolution.

In this general case, the position of the particle and its center of mass do not coincide, and spin
is related to the rotation and internal motion (Zitterbewegung) around the center of mass of the
particle. If the Lagrangian shows no dependence on the acceleration, the spin is only of a rota-
tional nature, and the position and center of mass position define the same point. Finally if in
addition to this, the Lagrangian does not depend on the orientation we just have a spinless point
particle for which the kinematical variables reduce to time and position.

A. Classical Galilei particles

The kinematical group is the Galilei group. The kinematical space spanned by variables
(t,r,u,a) interpreted as time, position, velocity and orientation, respectively, gives rise to a system
whose Lagrangian can be written by Eq. (1) as '

L=-Ti+Q-r+U-0+Z-w,

with T=—dL/d¢, Q;= dLIdF, U;=JLIdu’, and Z;= SL/dw', the constraint u=dr/dt=¥(7/i(7),
and where the angular velocity  is a linear function of the derivatives & of the corresponding
parameterization of internal orientation.

Noether’s theorem when applied to the Galilei group leads to the ten constants of the motion

HeT du
= u.—&—t- N
oo U
T dr?
G=mr—Pr-1U,

J=rXP+uxU+Z=L+S

interpreted as usual as the total energy, linear momentum, Galilei or static momentum, and angular
momentum, respectively.

We see that total angular momentum is the sum of the orbital part L and the spin S that has
two terms: One is uXU, related to the dependence of the Lagrangian on the acceleration and the
other is Z, which comes from its dependence on the angular velocity. If we define U=mk in terms
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of the magnitude k with dimension of length, then G=0 leads to P=md(r—k)/dt and the vector
q=r—Kk defines the center of mass position, while k represents the relative position of point r with
respect to the center of mass. For a free particle, the center of mass moves with constant velocity
while point r is moving around it, and this internal motion is interpreted as the Zitterbewegung.

B. Classical relativistic particles

We shall consider three different homogeneous spaces of the Poincaré group, We have first a
homogeneous space spanned by variables (z,r,u,a) with the same interpretation as above, but now
with u<c.

The constants of the motion can be written as

HeT dU
= u- dt .
p_o_ U

X 4

w=—Hr/c+Pct+D,
J=rxP+uxU+Z=L+S,

where the different observables in these expressions are obtained from the Lagrangian with the
same definitions as above but now the generalized angular velocity  is a linear function of both
& and u, and the D function is expressed in a rather involved way in terms of U and 8. For explicit
expressions the reader is referred to Ref. 2.

If in terms of D we define the position vector k, D=HKk/c, then time differentiation of the
Poincaré momentum r leads to P=(H/c?)d(r—k)/dr so that q=r—k represents the center of
mass position and k is again the relative position of point r with respect to the center of mass.

The nine-dimensional manifold spanned by variables (¢,r,u,«) but now with u=c, is another
homogeneous space of the Poincaré group &°. The constants of the motion have the same general
expressions as above except that the Poincaré momentum in this case reads

aw=—Hr/c+Pct—uXx8/c 6)

and the angular velocity is only expressed in terms of the time derivatives of the orientation a. The
relative position vector k comes from —uXS=Hk and again P=(H/c?)dg/dt, where q=r—k.

The time derivative of @ and the scalar product with u give rise to the Poincaré invariant
relation

du

1
H—P-u—z-z(thu -S$=0. @)

Since u-u=0 the particle describes a circle with velocity ¢ for the center of mass observer, in
a plane orthogonal to S which is constant in this frame.

It is the quantization of this system that leads to Dirac’s equation.

Finally, the homogeneous space X =%/S0O(3) spanned by variables (¢,r,u) with u>¢ describes
particles with internal tachyonic motion and no rotation, since for u>c no general homogeneous
space of .7’ with angular variables can be defined.
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C. Two position vectors

Vector r, transforming as a position vector, is interpreted as the position of the particle. But if
the Lagrangian depends on the acceleration, a new position vector g has been defined in terms in
which the total linear momentum can be expressed as P=mdq/dt in the Galilei case and
P=(H/c?*)dq/dt in the relativistic formulation as seen above. This vector q clearly represents the
center of mass position. Then, what position does the vector r represent?

Interaction with some external field suggests to interpret r in certain situations as the charge
position. In fact, let Ly(x,x) be the Poincaré invariant Lagrangian of a generalized classical
spinning free particle. If there is some interaction with an external field, we have to add an
interacting term L,(x,%,¢;) depending on the kinematical variables of the system x, their first
derivatives %, and on some external sources ¢;(x,x) which are in general functions of x and x.
However L; must necessarily be a first order homogeneous function of x. For instance, if we
assume a minimal coupling we can write L,= — ¢(#,r)i+A(z,r)-1, linear in the derivatives and
where the source functions are only time and position dependent. The interaction Lagrangian L, is
Poincaré invariant if (¢,A) transform like a Minkowski four-vector as happens if the source is an
external electromagnetic field. But the potentials and thus the electric and magnetic fields are
evaluated not at the center of mass position g but at the position r. In this minimal coupling
interaction, r seems to be the electric charge position. For arbitrary interactions, there will be
terms depending on u and e and the source functions could also be derivative dependent, and
position r will be related to the position of some other attribute or generalized charge of the
particle.

The kind of particle this formalism describes is a rigid rotator. Let us assume a rigid body of
any shape and mass m. If charged, with total charge e arbitrarily distributed, the center of mass and
center of charge are not in general coincident points. Rotation can be described by the evolution
of the corresponding orthogonal frame linked to the body. The free motion of this model is a
straight line trajectory for the center of mass at constant speed and a rotation of the body fixed
axis. This rotation can be decomposed into the rotation of the center of charge around the center
of mass and finally a possible rotation around the direction determined by these two points. When
interacting with an external electromagnetic field, dynamical equations describe the center of mass
evolution, but to determine the electromagnetic force it is necessary to know the charge trajectory
where the external fields are evaluated. It is important to realize that this kind of description is
independent of the shape and size of the object and in the limit; if there is no multipolar structure,
what we have are just two position vectors linked, respectively, to m and e and three orthogonal
directions to describe orientation. These kinds of objects have obtained a Lagrangian description'*?
in terms of charge position r and orientation e, but allow dependence of the Lagrangian on the
charge acceleration d*r/dt?, where the center of mass position q is a derived observable.

For relativistic particles, the center of mass q can never reach the speed of light, but for the
charge position r we have found? three separate classes of particles for which the internal charge
velocity dr/dt can be less, equal, or greater than c. In fact, it is the quantization of a particle whose
charge is circling around the center of mass with velocity ¢ that leads to Dirac’s equation, as will
be shown in Sec. V.

It is the aim of this contribution to quantize these Lagrangian systems and show the spin
structure dependence on the internal variables, velocity and orientation. In particular half integer
spins arise from the dependence of the wave function on the orientation while if spin is related
only to the Zitterbewegung then half integer spins can never arise.

lil. QUANTIZATION OF GENERALIZED LAGRANGIAN SYSTEMS

Let us consider a generalized Lagrangian system as described above whose evolution takes
place on the kinematical space between points x; and x,.
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For quantizing these generalized Lagrangian systems we shall follow Feynman’s path integral
method.’ The uncertainty principle is introduced in Feynman'’s approach by the condition that if no
measurement is performed to determine the trajectory followed by the system from x; to x, then
all paths are allowed with the same probability. But being that the different paths are interfering
alternatives, their probabilities must be calculated from a probability amplitude. Thus, to every
possible trajectory followed by the system, x(7) in X space, Feynman associates a complex
number ¢[x(7)] called the probability amplitude of this alternative, given by

$Lx(n)]=N exp{% [ L(x<~r>,x<r>>dr] =N exp{% Am(xz,xl)], ®

71

where N is a path independent normalization factor, and where the phase in units of # is the
classical action of the system A(,;(x,,x;) along the path x(7). This probability amplitude is
clearly a function of the initial and final points x, and x, in X space, respectively.

The total probability amplitude that the system will arrive at x, coming from x,, i.e., Feyn-
man’s kernel K(x,,x,), is obtained as the sum or integration over all paths of terms of the form of
Eq. (8). Then Feynman’'s kernel K(x,,x;), will be in general a function or more precisely a
distribution on the X X X manifold. If information concerning the initial point is lost, and the final
point is left arbitrary, say x, the kernel reduces to the probability amplitude for finding the system
at point x, i.e., the wave function ®(x). By the above discussion we see that wave functions must
be functions of the kinematical variables.

To see how the wave function transforms between inertial observers, let O and O’ be two
inertial observers related by means of a transformation g € G, such that the kinematical variables
transforms as

x’i=fi(g,x).
If points x; and x, are close enough, then the kernel reduces to the probability amplitude
along the classical path joining them. If for O the system follows path x(7), it follows for O’ the

path X' (7)=f(g,x(7)) and because the action along classical paths transforms according to Eq.
(5), then Feynman’s kernel transforms as

K'(x, X1)=K(x, ,xl)exp(% (a(g;xy)— a(g;xl))]

and if the information concerning the initial point is lost, the wave function transforms as the part
related to the variables x,

@'(x'<x>)=<1>'(gx>=<1><x>exp{% (a(g32) + e<g))]

or in terms of unprimed x variables

d>'(x)=d><g-’x>exp{% (a(gig ")+ o(g»}, ©

where 6(g) is some function defined on G but independent of x. Since |®(x)[* du(x) where
dp(x) is the volume element in X space is interpreted as the probability of finding the system
inside the volume element du(x) around point x, the probability of finding it anywhere in X must
be unity, so that
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f |®(x)]? du(x)=1.
X

Since from Eq. (9)
@’ (x")|=|®(x)|? (10)

it is sufficient for the conservation of probability to assume that the measure w(x) be group
invariant. Equation (10) implies also that inertial observers measure locally the same probability.
Consequently, the Hilbert space # whose unit rays represent the pure states of the system is the
space of squared-integrable functions L%(X,u) defined on the kinematical space X, with u(x)
being an invariant measure such that the scalar product on # is defined as

(@W)=[ S*¥@du), (1)

with ®*(x) being the complex conjugate function of P (x).

The relativity principle and Wigner’s theorem!%!! imply that to every symmetry ge G of a
continuous group, there exists a one to one mapping of unit rays into unit rays that is induced on
S by a unitary operator U(g) defined up to a phase that maps a wave function defined on x into
an arbitrary wave function of the image unit ray in x’. If we interpret ®(x) as the wave function
that describes the state of the system for the O observer and ®’(x) for O', then we have

U(g)@(x)=<l>'(x>=<I>(g“x)exp[% a(gig™lx)+ e<g>].

Since the 6(g) function gives rise to a constant phase we can neglect it and then we take as
the definition of the unitary representation of the group G on Hilbert’s space #

<I>'<x)=U(g)<1>(x>=<1><g-1x)exp{-,’; a(g;g“'x)}. (12)

Since the gauge functions satisfy Eq. (3), the phase term can be replaced by
a(g;g”'x)=—a(g™hx) + a(0:x) + £(g,8 ") =~ (g™ "sx) + {(g)

because gauge functions can always be chosen such that a(0;x)=0 and the group function {(g),
giving rise also to a constant phase, can be suppressed.

If the unitary operator is represented in terms of the corresponding self-adjoint generators of
the group algebra

i

U(g)=exp{h Xag"}

then the self-adjoint operators X, when acting on the wave functions have the differential repre-
sentation

R d
Xo== uh(x) 75=0,(x), (13)

where
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af/(g,x) da(g;x)
5.7 | vo’(x):___—a 3
8" lym0 2% | oo

ul (x)=

Because of the presence of the v, (x) term in Eq. (13), the X, generators do not satisfy in
general the commutation relations of the group G, but rather the commutation relations of a central
extension of G. The group representation is not a true representation but a projective representa-
tion of G as shown in Ref. 8.

In fact

U(g1)¢(x)=<1>(g1‘1x)e><p[;;- a(g; ;gf‘x)]

acting on the left with U(g,)
_ i _
U(g2)U(g1)P(x)=U(g2)P(g, lx)GXP{g a(g1:8, lx)}

=<I>((g2g1)“x)exr>[;— a(gz;g{’x)]exr)[% a(g, ;(gzgx)"‘x)],

while acting on ®(x) with U(g,g;)

i
U(gzg1)<1>(x)=<I>((gzgl)"x)eXP[-,; a(g28) ;(ngl)_lx)]-
If we define (g,g;)”'x=z then g,z=g 'x and thus since gauge functions satisfy Eq. (3)

a(gr:g12)+alg;z)=a(g81:2) + €(82,.81)

we obtain

U(g2)U(g)®(x)= U(gzgl)@b(x)exp{% §<g2;g1>J

and if ®(x) is arbitrary we have a projective representation of the group G.

For both Galilei and Poincaré particles the kinematical space is the ten-dimensional manifold
spanned by the variables (z,r,u,a), t being the time, r the position, u the velocity, and a the
orientation of the particle. Thus in the quantum formalism the wave function of an elementary
particle is a squared-integrable function ®(z,r,u,c) of these kinematical variables. For point par-
ticles, the kinematical space is just the four-dimensional space—time, so that wave functions are
only functions of time and position, but spinning particles will have to depend on some additional
variables like velocity and orientation giving rise to these additional variables to the spin structure.

IV. NONRELATIVISTIC SPINNING PARTICLES

Let . be the Galilei group. Let us first consider Galilei particles with (anti)orbital spin. This
corresponds to systems for which X=%7SO(3) and thus the kinematical variables are time, posi-
tion, and velocity. A particular classical example is given by the Lagrangian

L_m dr\? m [du\?
T2 \dt] 2e%\dr)’

with u=dr/dt. The particle trajectory is
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r(t)=A+Bt+C cos wi+D sin wr=q(z) +k(z),

where A, B, C, and D are constants. The center of mass q(#)=A-+Br has a straight motion while
the relative position vector k(#)=C cos wt-+D sin wt experiences an elliptic motion of angular
frequency w around its center of mass, the spin being the consequence of this internal motion.

The wave functions are functions on X and thus functions of the variables (¢,r,u). On this
kinematical space the gauge function is’

a(g;x(1))=m*t(T)/2+v-R(a)r(7)),

where v and e are group parameters, m defines the mass of the system and thus the ten self-adjoint
generators of the projective unitary representation of the Galilei group & are given by

h ) fi h A
H=if —, P='IT Vv, K=7tv+7 Vu—mr, J=T I‘XV+I—_ uxVu=L+S,

V, being the gradient operator with respect to the u variables.

One Casimir operator of this realization is the internal energy H—P%2m. We see that the spin
operator only differentiates with respect to the velocity variables, and consequently commutes
with H and P, so that we can find simultaneously the eigenstates of the three commuting operators

H—P*2m, 5% and § 3. Because the spin operators only affect the wave function in its dependence
on the u variables we can choose functions with the variables separated in the form
DO(t,ru)=3=; ,(2,r)x;(u) so that

(H_P2/2m)lll,~(t,l')=El/1,~(t,l'), Szxi(u)=s(s+1)ﬁ2)(,~(u), S3Xi(u)=msﬁXi(u)

and thus the space~time dependent wave function is uncoupled with the spin part and satisfies
Schrodinger’s equation. Due to the S? structure in terms of the u variables, which is that of an
orbital angular momentum, the spin part of the wave function is of the form

x(u)=f(u)Y*(6,8),

with f(u) being an arbitrary function of the modulus of u and Y':‘( 8,¢) the spherical harmonics
on the direction of u. .
Classical spinning particles with spin of orbital nature do not lead to half integer spin values.
Another examples of spinning particles are those which have orientation and thus angular
velocity. For instance, if X=%/R2, R3 being the subgroup of pure Galilei transformations, then the
kinematical space is spanned by the variables (z,r,a). This corresponds, for instance, to the La-
grangian system

The particle travels at constant velocity while it rotates with constant angular velocity . The
spin is just S=/w, and the center of charge and center of mass represent the same point.

To describe orientation we can think on the three orthogonal unit vectors e;, i=1,2,3 linked
to the body, similarly as in a rigid rotator. If initially they are taken parallel to the spatial Cartesian
axis, then their nine components considered by columns define an orthogonal rotation matrix
R;;(a) that describes the triad evolution with the initial condition R;;(1=0)= §;;. This matrix is
usually parameterized in terms of Euler’s angles. In this work we shall use two alternative param-
eterizations: One in terms of a three-vector p=tan(a/2)a, with a being a unit vector along the
rotation axis and « the rotated angle, and the normal or canonical representation in terms of
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another three-vector @=ca. Rotations around the coordinate axis are treated in these parameter-
izations in a more symmetrical way. For the normal parameterization and in the laboratory frame
the body axis has Cartesian components given by

(&);=Rj(@)=6;; cos a+a;a;(1—cos a)—€;,a, sin a, (14)

and in the p parameterization by

1
(e);=R;i(p)= 57 ((1=p*)8;i+2p;pi—2€;4p1), (15)
and where the Cartesian components of the rotation axis unit vector a are
a,=sin @ cos ¢, a,=sin 4 sin ¢, a3‘=cos é,

where 6 is the polar angle and ¢ the usual azimuthal angle.
On the corresponding Hilbert space, the Galilei generators are given by

d i f
H=ih —, P== V, K=—_l‘v—mr, (16)
at i i

k h
J=7 rXV+E [V,+pxV,+p(p-V,)]=L+S, amn

with V, being the gradient operator with respect to the p variables and in the p parameterization
of the rotation group.

Here again the spin operator commutes with H and P and the wave function can be separated,
(,r,p)=%; ¢,(1,r)x;{p), leading to the equations

(H=P%2m) (t,r) = Ep,(1,x),
S2xi(p)=s(s+1)k%x,(p), (18)

Ssxi{p)=mhx,(p). (19)

Bopp and Haag® succeeded in finding s=1/2 solutions for the system of equations (18) and
(19). They are called Wigner’s functions.'? Solutions of Eq. (18) for arbitrary spin s are but a
linear combination of the matrix elements of a (25+1)X(2s+1) irreducible matrix representa-
tion of the rotation group as derived from the Peter~Weyl theorem on finite representations of
compact groups.'>!* We shall deal with the s=1/2 functions in the next section where explicit
expressions will be given.

V. RELATIVISTIC PARTICLES

We can similarly quantize classical relativistic particles. We shall pay attention however to the
kinematical space of particles traveling at the speed of light,

In Ref. 2, when dealing with Poincaré particles, we found a nine-dimensional homogeneous
space of the Poincaré group, spanned by the ten variables (¢,r,u,a) similarly as in the Galilei case,
but now with u restricted to u=c. For this system since u-u=0, they describe particles with a
circular internal orbital motion at the constant speed c.

The following Poincaré invariant Lagrangian, built from that proposed in Ref. 2
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FIG. 1. Motion of the center of change of the electron in the center of mass frame.

L 1, w-a
=5 Y PEVRY)
2 me (du/dt+uX w)

is defined on this kinematical space where @ is the angular velocity of the body conveniently
expressed in terms of the orientation & and its time derivative, u=c is the center of charge
velocity and dw/dt =W/, the charge acceleration.

When solved in the center of mass frame, (see Fig. 1) the center of charge describes a circle
of radius Ry=S/mc at the constant speed c, being the spin

S=uxUtZ= du/dt+uXw
=uxUrZ=s me wdiraxw)?

orthogonal to the charge trajectory plane and a constant of the motion in this frame.

The angular velocity in this frame has two components: one, w,=mc?/S, in the opposite
direction to the constant spin S and the other orthogonal to it, w, = w/2, lying along the direction
from the center of mass to the center of charge and which is half of the other component. This
implies that the internal motion is periodic, of frequency w/47r, such that when the body comes
back to its initial position, the center of charge has exactly had two turns around the center of
mass. Thus, this internal electric current contributes with a two turn loop to the particle magnetic
moment, supplying a naive interpretation of the g =2 gyromagnetic ratio.

When quantized, the wave function of the system is a function ¥ (¢,r,u,a) of these kinematical
variables. For the Poincaré group all exponents and thus all gauge functions on homogeneous
spaces are equivalent to zero, and the Lagrangians for free particles can thus be taken strictly
invariant, Projective representations reduce to true representations so that the ten generators on the
Hilbert space are given by

where the spin is the differential operator
3 h
S=—i- uxVu+§7 (V,+pXV ,+p(p-V,))=8,+8§,
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and where the differential operators V, and V, are the corresponding gradient operators with
respect to the u and p variables as in the Galilei case.

To obtain the complete commuting set of observables we start with the Casimir invariant
operator, or Klein—Gordon operator

KG=H?>—-’P2—m?c*=0 (20)

such that in the above representation only differentiates the wave function with respect to position
r and time ¢. Since the spin only operates on the velocity and orientation variables, it commutes
with the Klein—Gordon operator (20). Thus, we can find simultaneous eigenfunctions of Eq. (20),
S%, and S5. This allows us to try solutions in separate variables so that the wave function can be
written as

V(r,rup)=2 yi(1,0)@,(u,p),

where y,(2,r) are the space—time components and the ®,(u,p) represent the internal spin structure.

Consequently
(H?=c?P?—m2ct) iy (1,r) =0, (21)
i.e., space—time components satisfy the Klein—Gordon equation, while the internal structure part
satisfies
S?®,(u,p)=s(s+ 1)E*®,(u,p), (22)
§3P;(u,p)=m AP (u,p). (23)

To find solutions of Egs. (22) and (23) we see that the spin can be separated into two
commuting angular momentum parts S=S, +S,: one, S,, that differentiates with respect to the u
variables and related to the Zitterbewegung and the other, Sp, that only acts on the orientation
variables and is thus related to the internal rotational motion. The total spin squared

S?=S.+S2+28,'S, (24)

is expressed as the sum of three commuting terms and its eigenvectors are obtained as the simul-
taneous eigenvectors of the three commuting operators on the right hand side of Eq. (24). Thus,
each ®@,(u,p) can again be separated as

D (u,p)=2, Ui (w)Vy(p).
j

Functions U;(u) are spherical harmonics defined on the orientation of the velocity vector u
because the S, operator has the structure of an orbital angular momentum in terms of the u
variables, and thus its eigenvalues are integer numbers.

For spin-1/2 particles, if we first take for simplicity the eigenfunctions Vij(p) of Si with
eigenvalue 1/2, and then since the total spin has to be 1/2, the orbital S, part can only contribute
with spherical harmonics of value /,=0 and /,=1.

Finally if the ®;(u,p) functions have to be eigenfunctions of the operator S,-S, this leads
through a straightforward calculation to where only the [, =0 case contributes and it turns out that
the &, functions are independent of the velocity variables.
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Then spin-1/2 functions ®}/?(p) are linear combinations of the four Wigner’s functions'>'® so

that the Hilbert space that describes the internal structure of this particle is isomorphic to the
four-dimensional Hilbert space C*.

Several parameterizations have been used for these functions. In the work of Bopp and Haag?
and in Dahl’s contribution,’ they are expressed in terms of Euler’s angles. Bacry and Kihlberg® use
another parameterization. In what follows we shall use both the normal or canonical parameter-
ization of the rotation group a=ca and the p=tan(a/2)a parameterization.

In terms of the parameterization p, the spin operators are given by

)
S=757 (V,+pXV,+ p(p-V ) (25)

as in Eq. (17) and in the normal parameterization a by

_h 5 g J cos Bcos p | 4
SI_E SlIlBCOS(ﬁ:;‘;'i‘ _mn—(ct_/ir sin ¢

sin ¢ cos 0 cos ¢p\ 3
"\ 'sin 6 tan(a/2) sin 6 ad|’

f . . g cos @ sin ¢
S2=§? 2sm951n¢56—¥+ m+cos¢ EY]

( cos ¢ cos @ sin ¢) ] }

W
D

| q

sin 6 tan(a/2) sin | ¢
P fi ) 5 J sin @ 4 N I
3727 2 Y5 tan(ar2) 90 94/

These operators satisfy the commutation relations
[Si, Sjl=ifie;uSk. (26)
If we define the spin projections on the body axis e;, Z;=e;-S then they satisfy'®
[Z;, Z]]=—ikeuZy, @27)
[Z:, 5,]=0 (28)

so that the Z; spin operators satisfy the so-called “anomalous” commutation relations (27) while
they commute with the spin components S;. They are explicitly given by

h
Z=5 (V,=pxV ,+p(p-V,))
in the p parameterization and in terms of canonical variables by

Z_ﬁ 2 sin 0 c9+cosﬂcos¢+‘
1=57 |2 sin B cos b o0t —tarny TSR ¢ o5

( sin ¢ cos 8 cos ¢\ 9
sin 6 tan(a/2) sin 6 :95 ’
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Z_ﬁ 2 sin 6 si z9+cosesin¢
2=57 12 sin s1n¢%— ——tan(a/Z) cos ¢ 70

( cos ¢ cos @ sin qS) 3 ]

sin @ tan{a/2) sin @ b’

J sinf 4 a)

%
23"27(2 cos 0 an(al2) 96 39)"

If we have two arbitrary directions in space characterized by the unit vectors u and v, respec-
tively, and S, and S, are the corresponding spin projections S,=u-S and S,=v-S, then S_,
= —8,, and [Sy, S,]=ifiS,x, . In the case of the anomalous commutation relations, we have, for
instance, [Z,, Z,]= —ihZ;, suggesting that & X€&,=—&; and thus € vectors behave in the quan-
tum case as a left handed system. In this case e; vectors are not arbitrary vectors in space, but
rather vectors linked to the rotating body and thus they are not compatible observables in the sense
that any measurement to determine, say, the components of e;, will produce a body motion that
will shadow the measurement of the others. We shall use this interpretation of a left handed system
later.

The operator S=Z? has the differential representation

9* 1 J 1 3 cos8 4 1 &
a? ||

22 7 >»72
§ =2 =R 5 Y an(al?) 2 T3 sini(ar2) |96% s 96 T sntd
(29)

Wigner’s functions, because Egs. (28) and (29) can be taken as simultaneous eigenfunctions of
the three commuting S2, S5, and Z; operators'’

$?D)%(a,6,4)= 33+ 1)A2DY2%(2,0,4),

S3D%(,0,4)=mhD)2(a,6,¢),
Z3D)%(a,0,¢)=nhDY%(,0,4)
are explicitly given by the following functions:
®(@,0,4)=D73 (@, 6,¢)=12(cos(al2)+i cos 8 sin(al2)),
®y(a,0,4)=D"%, | ,(a,0,¢)=iV2 sin(a/2)sin B9,
(30)
Ds(a,0,8)=D\3 _ (@, 0,$)=iy2 sin(a/2)sin fe'?,
by (e, 0,¢)=D'_/f,2,_1,2(a,0,¢)= ﬁ(cos(a/2)~i cos 0 sin(a/2)).

They form an orthonormal set with respect to the normalized invariant measure

1
du(e,8,¢)=—= sin @ sin*(a/2)da d6 d¢

such that the scalar product is defined as
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(®|T) J d¢f dof da ©*(a,0,¢)¥(e,0,¢) 7z sin 6 sin?(a/2).

The matrix representation of any internal observable A is obtained as A,-j=(<D,-[ACI) j), i,j
=1,2,3,4. Once these four basis vectors are fixed, when acting on the subspace they span, the
differential operators S; and Z; have the matrix representation

-~ ko O

S_-Z-(O o’)’ 1)
AﬁOIAﬁ(OilAﬁlo "
217701 o) % ~i1 o) 73l -1) (32)

where o are the three Pauli matrices and 1 represents the 2X2 unit matrix.
If we similarly compute the matrix elements of the nine components of the unit vectors (e;);,
i,j=1,2,3 given by Eq. (14) we obtain the nine traceless Hermitian matrices

. 1{0 o .1/ 0 o o 1{o O
©“73le¢ 0)0 ?273\-ic 0/ 73 0 -o (33)

that together with the above six spin components, f form a set of 15 traceless linearly independent

Bermitian matrices. It is easily checked that €;- §=§. &= Z, , and in the quantum case, observables

€; are not commuting unit vector operators (see Appendlx) Even more, their eigenvalues are *=1/3.
We finally write the wave function for spin-1/2 particles in the following form:

V(r,ru,a)= 2 ¢(1,r)0(a,6,d).

Then, once the ®@; functions that describe the internal structure are identified with the four or-
thogonal unit vectors of the internal Hilbert space C*, the wave function becomes a four-
component space—time wave function, and the six spin components S; and Z; and the nine vector
components (€;) ;» together the 4X4 unit matrix, completely exhaust the 16 linearly independent
4X4 Hermitian matrices. They form a basis of Dirac’s algebra, such that any other internal
observable that describes the internal structure, for instance, internal velocity and acceleration,
must necessarily be expressed as a real linear combination of the mentioned 16 Hermitian matri-
ces. This is perhaps one of the reasons why in this spin-1/2 system the wave function does not
show dependence on the velocity u and this variable becomes a function of the orientation. In fact
the internal electron orientation completely characterizes its internal structure (see Appendix).

One of the constants of the motion, obtained from invariance of the Lagrangian under pure
Lorentz transformations,? is the Poincaré momentum (6), such that its time derivative and the
scalar product with u leads to the Poincaré invariant operator (Dirac’s operator)

D=H-P o S=0 (34)
= — — —X -N=0.
et

When Dirac’s operator D acts on a general wave function, we know that H and P have the
differential representation given by Eq. (16) and the spin the differential representation (25), or the
equivalent matrix representation (31), but we do not know how to represent the action of the
velocity u and the (du/dr) Xu observable. However, we know that for this particle u and du/dt are
orthogonal vectors and together with vector uXdu/dt they form an orthogonal right handed
system, and in the center of mass frame the particle describes a circle of radius Ry=#/2mc for
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1531
u
e (a)
e
? (b) du/dtxu
€1 e, du/dt

FIG. 2. Identification of observables leading to the Pauli~Dirac representation.

spin-1/2 particles in the plane spanned by u and du/dt (see Fig. 1). Since they are translationally
invariant observables they will be elements of Dirac’s algebra, and it turns out that if we relate
these three vectors with the orthogonal left handed system formed by vectors &,, €,, and e,
as shown in part (a) of Fig. 2 we have u=aé, and du/dt Xu= be3, where a and b are positive real
numbers. Then the third term in the D operator is — (b/ cz)e3 S= —(blc? )Z3 and the D operator
becomes

b .
D=H—aP-81—C—‘2—Z3=O, (35)

while if we identify with the orthonormal system of part (b) of Fig. 2, we get

b .
D=H+GP'81+?Z3= . (36)

Multiplying Eq. (36) by Eq. (35) we obtain

a? b2ﬁ2
H? Y P21—

and identification of this expression with the Klein—Gordon operator (20), leads to a=3¢ and
b=2mc*h=c*/R, and we obtain Dirac’s operator

H~cP-a— Bmc*=

where Dirac’s matrices & and B are represented by

0 o 1 o0
*“lo o) #lo -1)
i.e., the Pauli~Dirac representation.
This representation is compatible with the vector du/dt lying along the third vector &,. In fact,

in the center of mass frame, Dirac’s Hamiltonian is H=Bmc?, and the time derivative of any
observable A is obtained as
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du/dixu
€z

du/dt
FIG. 3. Identification of observables leading to Weyl’s representation.

such that for the velocity operator u=ca

Ty [mcz,B cal= — 3&,,

du 2mc 0 io B c?
%

—ioc 0

with ¢2/R,, being the constant modulus of the acceleration.
The time derivative of this Cartesian system is
dél i d é c .
-;i_t— ﬁ [,Bmc ’ el] e2’ dt ﬁ [,Bmc eZ]_ - 0 o €1

déy i, oo o
=2 = [Bme?, &)=

since e is orthogonal to the trajectory plane and does not change, and where ¢/Ry=uw; is the

angular velocity of the internal orbital motion. This time evolution of the observables e; is the

correct one if it is assumed to be a rotating left handed system of vectors as shown in Fig. 2(a).
Similarly

dS i 2 &1=0
?d—[-—ﬁ,[ﬂmc’ ]_

since the spin is constant for the center of mass observer. Only the Z; spin component on the body
axis remains constant while the other two, Z; and Z,, change because of the rotation of the
corresponding axis

dz 1 i Z Z dZZ _ i 2 2 _ (o 2

7 —— [:Bmc 1]__ 2 dt _ﬁ [Bmc ’ 2]_ RO 1>

dZ; i , 5
;" p LBme?, Z3]=0.

When analyzed from the point of view of an arbitrary observer, the classwal motion is a helix
of elliptic cross section and the acceleration is not of constant modulus ¢ %/R,, and the spin, that
remains orthogonal to both u and dw/dz, is no longer a constant of the motion, because it is the
total angular momentum J=rXP+S that is conserved.

Identification of the internal variables with different real linear combinations of the €; matrices
lead to different equivalent representations of Dirac’s matrices, because Dirac’s operator D is
rotationally invariant.

For instance, if we make the identification suggested by Fig. 3, u=—aé; and the observable
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dwdtXu=be,, we obtain by the same method
01 -o 0
P10 *lo

and thus the gamma matrices

i.e., Weyl’s representation.
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APPENDIX: DIRAC’S ALGEBRA

The three spatial spin components S;, the three body spin projections Z;, and the nine
components of the body frame unit vectors (e;);, {,j=1,2,3, whose matrix representations are
given in Egs. (31)-(33), together with the 4X4 unit matrix 1, form a set of 16 linearly independent
Hermitian matrices. They are a linear basis of Dirac’s algebra, and satisfy the following commu-
tation relations:

[Si’ Sj]=iﬁ€iijk, [Zi’ Zj]z_iﬁEiijk, [Si, Zj]=0, (Al)

[Si, (e)]=itien,(e)),, [Z;, (e)r]=—ite; (e, (A2)
4i

(e, (ej)l]=9_ﬁ [6ij€urS:— Oui€ijrZ,] (A3)

showing that the e; operators transform like vectors under rotations but they are not commuting
observables.

If we fix the couple of indices 7, and j, then the set of four operators s, s i»Z;,and (ej) ; form
a complete commuting set since the algebra of 4X4 matrices admits four diagonal and linearly
independent matrices. In fact, the wave functions given in Eq. (30) are simultaneous eigenfunc-
tions of S%, S5, Z5, and (e3); with eigenvalues s=1/2 and for 53, z3, and e;; the following ones:

®,=|1/2,1/2,1/3), ®,=|-1/2,1/2,—1/3),
O3=1/2,-1/2,—1/3), ®,=|~1/2,-1/2,1/3).

The basic observables satisfy the following anticommutation relations:

ﬁz
342
{s; ,Zj}=_2“ (€;)is (AS)
{Si (e} =36uZ;, {Z:i.(e)}=36;54, (A6)
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{(e);.(e)}= 56, 8,1+ Seun,€5(e,)s . (AT)

If we define the dimensionless normalized matrices

‘2 —2Z A8
—;L"Si, 2i=g 2 (A8B)

a;=3(e);, s
together with the 4X4 unit matrix 1, they form a set of 16 matrices I'y, A=1,..,16, that are
Hermitian, unitary, linearly independent, and of unit determinant.

The set of 64 unitary matrices of determinant +1, =I',, *=iI'y, A=1,..,16 form a finite
subgroup of SU(4). Its composition law can be obtained from

a;j0= OOyl + 16, €15, ~ i 61€i1, 2+ €14r€j1slrs (A9)
a;sp=1€yay+ 8z, (A10)
a;jzx=—i€;a;+ Oys;, (A1)

S =i€xaj+ 8yz;, (A12)
5;5;=i€;85,+ 8, (A13)
STj=2;8;=aj;, (A14)

za= —i€a+ 8;5k, (A15)

2;2;=— i€zt 81 (A16)

and similarly we can use these expressions to derive the commutation and anticommutation rela-
tions (A1)—(A7).

Dirac’s algebra is generated by the four Dirac’s gamma matrices ¥, ©=0,1,2,3 that satisfy the
anticommutation relations

{y*,y"}=29""1, (A17)

with 7" being Minkowski’s metric tensor.

Similarly it can be generated by the following four observables, for instance, S|, S, Z,, and
Z,. In fact by Eqgs. (A13) and (A16) we obtain S5 and Z;, respectively, and by Eq. (A14) the
remaining elements.

Classically, the internal orientation of an electron is characterized by the knowledge of the
components of the body frame (e;);, i,j=1,2,3 that altogether constitute an orthogonal matrix. To
completely characterize in a unique way this orthogonal matrix we need at least four of these
components. In the quantum version, the knowledge of four (e;); matrices and by making use of
Eqgs. (A9)-(A16) allows us to recover the remaining elements of the complete Dirac’s algebra. It
is in this sense that internal orientation of the electron completely characterizes its internal struc-
ture.
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